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We present a new approach to simulation of metabolic pathways. The syntactic approach
combines a rule-based description of biochemical reactions with a stochastic model of
chemical kinetics. Each syntactic rule describes the location in a product molecule to which
a particular carbon of a reactant molecule will be transferred. Using specifically labeled
substrates and known rates of chemical reactions, our simulation predicts the time-dependent
changes in concentration of positional isolopomers of metabolic intermediates. (A positional
isolopomer of a compound is an isomer that is determined by the positions of isotopes
within the molecule, e.g., {1,2-PClglucose and [1,3,5-*CJglucose.) For the simulation of the
BC.positional isotopomers of the citric acid cycle in heart cells we require only 39 syntactic
rules, compared o the 176 ordinary differential equations required by the traditional ap-
proach. Addition of chemical reactions to the simulation does not require changing the
program code for the existing reactions. In comparison, addition of a reaction to a system
described by differential equations requires altering the equations for all isotopomers of all
reactants and products of the new chemical reaction.  © 1994 Academic Press, inc.

I. INTRODUCTION

Metabolic pathways are coordinated groups of biochemical reactions which
convert one or more chemical compounds into other compounds. Qwing to
the importance of these pathways in providing energy for life, changes in
the rates of specific metabolic pathways have been observed in cancer,
diabetes mellitus, and other diseases. Thus quantitative assessments of
changes in metabolic pathways in these diseases are important. Recently, a
noninvasive technique using stable (i.e., nonradioactive) isotopes has become
available for estimation of metabolic flux rates in human subjects. The use
of nonradioactive isotopes virtually eliminates risk to the subjects of the
spectroscopic measurements,

We focus on the use of a stible isotope of carbon (¥C) for use in nuclear
magnetic resonance (NMR) spectroscopy. NMR spectroscopy detects the pres-
ence of C atoms within molecules and also the presence of *C atoms at
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neighboring carbon positions. For example, consider the following two posi-
tional isotopomers! of acetic acid: [2-PClacetic acid (chemical formula:
HOOC-"CH,) and [I,2-"Clacetic acid (chemical formula: HOO"C-"CH,).
The position in the NMR spectrum at which the signal from carbon C2 appears
would contain a single peak in the spectrum of the former isotopomer and a
doublet (two peaks} for the latter isotopomer. The latter isotopomer contains
the second peak because of the interaction of the *C atom at carbon C2 with
the *C atom at carbon C1. (Only neighboring carbon positions affect the NMR
spectrum of carbon.) The abundance of different positional isotopomers deter-
mines the relative areas of the peaks of the NMR spectrum for any given
compound (/). Although NMR spectroscopy can be used to measure the abun-
dance of groups of positional isotopomers of a compound (2), current technology
does not permit measurement of the concentration of individual isotopomers.

One of the challenges of the use of NMR spectroscopy is the proper design
of accurate formulas and algorithms for estimation of metabolic flux rates. An
important question in this process is ‘““How can the formulas be tested?’” Our
answer to this question has been the construction of a computer simulation of
the production of positional isotopomers that is independent of differential
equations. Instead, we describe the changes to molecules in a structurally based
simuiation, in which populations of molecules are individually represented,
including the ordered grouping of carbon atoms within each molecule. The
result is a rule-based simulation, in which syntactic rules are used to describe
the transfer of carbon atoms from reactants to products. In each transfer, owing
to the literalness of the simulation, any '*C atoms in reactant molecules will be
transferred to the ‘‘correct’ positions in the product molecules (where the
correctness of the transfer has been discovered by decades of chemical re-
search).

II. BACKGROUND
A. Prior Work by the Authors

Our previous work on glycogen metabolism (3) and on the pattern of action
of the enzyme heparin lyase (4) had demonstrated the advantage of a structurally
based stochastic simulation. In our current simulation of the citric acid cycle
(Fig. 1), we conceived of a set of syntactic rules as the repository of knowledge
about the individual chemical reactions. We reduced the actions of a chemical
reaction to a collection of niles describing the relocation of the atom at position
P, in reactant molecule M, to position P, in product molecule M, (see Fig. 2)

(Pis Ml) - (PZ’ MZ)
(The form of these rules is intended to recall the form of production rules in
U A positional isotopomer of a compound is an isomer that is determined by the positions of

isotopes within the molecule. For example, [1,2-"Clglucose, unlabeled glucose (all 2C atoms), and
[1,3,6-®Clglucose are three different positional isotopomers of glucose.
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Fic. 1. Diagram of the citric acid cycle. Key to letters representing reactions catalyzed by
the following enzymes: (a) citrate synthase; (b) aconitase and isocitrate dehydrogenase; (c) o-
ketoglutarate dehydrogenase complex and succinyl CoA synthetase; (d) fumarase; (e) aspartate
aminotransferase; and (f) aspartate aminotransferase (reverse). In the simulation, fumarate and
succinate have been combined into a single pool; and similarly for malate and oxaloacetate. Carbons
of oxaloacetate are numbered 1-4 and the carbons of the acetyl moiety of acetyl CoA are labeled
aand b.

formal grammars (5).) We have published a complete set of syntactic rules for
the simulation of the citric acid cycle and, where possible, have compared the
results of our simulation to experimental measurements of others (6). In addi-
tion, the simulation has served as the arbiter of proposed formulas for estimation
of flux through the citric acid cycle and the associated aminotransferase reac-
tions (7).

The use of a population-based model, rather than a differential equations-
based model, is a departure from the traditional technique for modeling meta-
bolic pathways. Instead of the usual kinetic description of enzymatically cata-
lyzed reactions, in which an algebraic variable represents each property of
interest (&), the syntactic approach provides a miniature replica of the actual
system, with each simulated molecule representing some micromoles of actual
molecules. It also has the advantage of simplifying the description of the system.
Instead of 176 coupled ordinary differential equations whose numerical solution
provides the concentration of each isotopomer as a function of time, the syntac-
tic approach requires only 39 syntactic rules. Use of syntactic rules to represent
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F1G. 2. llustration of the syntactic rule which describes the transfer of atoms from reactants to
products in the chemical reaction catalyzed by citrate synthase. The carbons at positions C1, C2,
(3, and C4 of oxaloacetate are transferred to positions C6, C3, C2, and Cl, respectively, of citrate.
The carbons at positions C1 and C2 of the acetyl moiety of acetyl CoA are transferred to positions
C5 and C4, respectively, of citrate.

the description of the orderly transfer of atoms from reactants to products,
adjoined to this structurally based population model of metabolic pools, func-
tionally decouples the differential equations. In other words, additions to the
set of reactions simulated by the computer program do not require any changes
to the description of the existing reactions. In the case of differential equations,
this would not be the case.

B. Related Work

Prediction of positional isotopomers. Chance and co-workers proposed a
model of the citric acid cycle from which Fig, 1 was obtained (9). They wrote 176
ordinary differential equations (1 per positional isotopomer of each metabolic
intermediate). Measuring the mass of most of the metabolites as well as the
NMR spectrum of glutamate over time, they estimated the rate of flux of the
citric acid cycle and related aminotransferase reactions. From their estimations
of the values of the parameters of their model, they simulated the changes in
concentration of individual positional isotopomers within the citric acid cycle.
Their computer simulation represents the traditional approach to the prediction
of positional isotopomers over time.

Stochastic models of chemical kinetics. Bartholomay (/0-12) proposed
stochastic differential equations for chemical kinetics which are consistent in
the mean with deterministic differential equations, i.e., whose solutions
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have mean values equal to the deterministic solution. In other words, the rates
of chemical reactions which are described by differential equations are the
mean values of the rates predicted by the stochastic models of chemical kinetics.
Gillespie (13) derived stochastic differential equations for individual chemicat
reactions as well as groups of simultaneous chemical reactions. He provides
examples of oscillating chemical systems for which the stochastic fermulation
of the dynamics predicts the future behavior more accurately than does the
analytic solution to a (nonstochastic) differential equation (/3), In particular,
the stochastic formulation excels in predicting the future behavior of systems
possessing a stable but not asymptotically stable equilibrium (I3, 14).

II1. DESIGN CONSIDERATIONS

In the kinetic theory of chemical reaction rates, the rate of a chemical reaction
is determined by the number of molecules that amass enough energy via collision
to surpass the energy of activation (8, 15, 16). Although random motion is
responsible for the movement of reactant molecules in the liquid or gas phase,
the liquid phase greatly restricts free movement of reactants by trapping reactant
molecules within “‘cages’ of solvent molecules. The Michaelis-Menten model
of enzyme-catalyzed chemical kinetics postulates that the dissociation of the
enzyme—substrate complex is much slower than the rate of conversion of the
complex to product molecule(s). Therefore the occurrence of enzyme-catalyzed
chemical reactions may be viewed as a process of random collisions of enzyme
and substrate which immediately result in the transmutation of substrate mole-
cules to product molecules. Hence stochastic or probabilistic models are appro-
priate descriptions of the molecular causes of chemical reactions in liquid as
well as gaseous phases.

A probabilistic model of biochemical kinetics needs to capture the Markov
property; i.e., that the future behavior of the system is completely determined
by its current state (I0, 17). Rates of reaction should be determined by the
concentrations of enzyme and substrate alone, and not on the history of the
chemical reactions. The Poisson process is a stochastic process that possesses
the Markov property and that may be described as a counting of events, in
which the number of events in the time interval [s, ] is a random variable. The
axioms of a Poisson process are the following (18, 19): (i} the number of events
in disjoint time intervals are independent; (ii} the probability of an event oc-
curring in a time interval of duration Az is proportional to the length of that
time interval, for Ar sofficiently small; and (iii) the probability of two or more
events occurring during a time interval of duration At is zero for Ar sufficiently
small. The independence of the number of events in disjoint intervals in Axiom
(i) means that the number of events in an interval does not depend on the
number of events in any other (nonoverlapping) interval. In other words, the
occurrence of a chemical interaction does not directly affect the occurrence of
subsequent interactions. Thus, the efficiency of the enzyme does not change
over time (it does not become tired or worn out), in agreement with current
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thinking about enzyme-catalyzed reactions (8). Axiom (ii) allows the introduc-
tion of a parameter A, the rate of the process, which is analogous to the rate
constant of deterministic models. Bartholomay demonstrated the agreement of
this axiom with the physics of molecular collisions (7). Axiom (iii} asserts that
successive events are separable in time and that the entire set of chemical
reactions does not cluster in a (mathematically} pathological manner about a
single time point. This last axiom would exclude, for example, a cluster of
events (a chain reaction) which occurred with increasing rapidity over time.

Symmetry of a molecular species plays an important role in determining the
isotopomers of the metabolic pools (8). There are two symmetric molecules
(succinate and fumarate), for which positional isotopomers that are mirror
images of one another cannot be distinguished chemically (they are ““achiral’’).
For example, [2-"*Clfumarate cannot be distinguished chemically from [3-C]fu-
marate. Therefore, a molecule of [3-Cla-ketoglutarate would produce [2-
BClsuccinate (same as [3-"Clsuccinate), which would produce [2-*C]fumarate
(same as [3-PClfumarate) which would produce either [2-C]malate or [3-
BClmalate, with equal probability. Citrate is a molecule which appears symmet-
ric but whose orientation can be distinguished functionally by enzymes and
substrates (it is *‘prochiral’’).. Hence [1-*C]citrate can be distinguished chemi-
cally from [5-"*Clcitrate (8). The simulation carefully treats the labeling of
symmetric molecules. Whenever a symmetric molecule is selected as a reactant,
the orientation of the numbering of the carbons of that molecule is assigned
probabilistically.

The stochastic simulation technique provides an exact solution of the equa-
tions, without the use of a discrete approximation (Az) of an infinitesimal change
in time (dt) typically used in the numerical solution of differential equations
(13). Because the reactions selected to occur within a discrete time step are
assumed to be simultaneous, the order in which their simulation occurs is
randomized to avoid bias in the result. Especially with relatively small numbers
of simulated molecules, the product of one reaction may be the reactant in
another reaction during a single time step. Although this occurs with probability
inversely proportional to the number of simulated molecules, the large number
of time steps in our simulations (more than 1.5 million time steps) magnifies
this likelihood. Since the state of the biochemical simulation is determined by
the molecules within each metabolic pool, the effect of such bias on the outcome
will not be automatically corrected over time. Therefore, the relatively small
number of simulated molecules (between 100 and 1000 per pool) may be sensitive
to the lack of randomization of reactions. For these reasons, it is important to
simulate the stochastic processes exactly, without making the assumption that
all reactions occurring within a single discrete time step are simultaneous.

IV. SYSTEM DESCRIPTION

The program begins with the reading of a data file and the initialization of
the simulation program (Fig. 3). The initial populations of molecular pools are
created and data structures describing the actions of reactions on the atoms of
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Fi16. 3. Flowchart of the top-level of organization of the simulation program.

the reactant molecules are constructed. The data structure for a given reaction
includes a linked list for the reactants and a linked list for the products. The
paths from reactant chemical species to product species contain intermediate
nodes which specify the placement of atoms of the reactant into positions of
the product molecule (see Fig. 4).

After initialization, the program iterates the simulation of individual chemi-
cal reactions. As described in the Appendix, the identity of the reaction
that occurs next is determined probabilistically. The probability of selecting
a given reaction is proportional to its instantaneous rate, relative to the
other reactions. The unit interval {0, 1) is partitioned into nonoveriapping
segments each length of which is proportional to the current rate of one of
the reactions. The algorithm for selecting a reaction (Fig. 5) requires computa-
tion of a single random number r which is then used to select an interval
and corresponding reaction. (See the Appendix for details of the random
number generator.) Having selected a reaction, we next select reactant
molecules, decompose them into their atoms (we focus on carbon atoms
only, for the present), and then recombine the atoms in accord with the
actions of the given biochemical reaction (Fig. 3). The process of selecting
a reactant molecule from a given metabolic pool requires the random selection
from among all of the simulated molecules of that pool, which differ from
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FiG. 4. Data structure for describing the reaction catalyzed by citrate synthase. One record per
reactant and product molecule is maintained, with separate lists for reactants and products. The
record labeled **changeAtomicPositions’” contains information regarding the transfer of each atom
of the reactants to the correct position in the product molecule. The carbons at pesitions 1 and 2
of acetyl CoA become the carbons at positions 5 and 4, respectively, of citrate. Similarly, the
carbons at positions 1, 2, 3, and 4 of oxaloacetale are relocated to positions 6, 3, 2, and 1,
respectively, of citrate. One such description is ¢reated for each reaction in the simulation.

onc another only in their isotopomer type. If there are M molecules in a
given pool then the unit interval (0, 1) is partitioned into M equal and
nonoverlapping subintervals. The probability of selecting a given subinterval
is proportional to its length. A random number r, having a value in the unit
interval, is used to select one of those subintervals. Therefore, the molecule
corresponding to a given subinterval is chosen with probability 1/M, as
desired.”

After selecting the isotopomer type of the reactant molecule, a linked repre-
sentation of that isotopomer is constructed and attached to the appropriate
{chemSpecies) record in the linked list (reactantsOfFlux) of the appropriate
reaction (see Fig. 4). When each of the reactant molecules has been selected,
the description of the carbons of the reactant molecules is transferred to the

? Isotope discrimination in chemical reactions can easily be accommodated in the computer
program, by assigning the probability of selecting a given molecule that depends on the masses of
its atoms (i.e., depends on whether carbon is ®C or “C). Similarly, other peculiar aspects of
chemical reactions can be simulated, insofar as they affect the kinetics of the reactions.
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F1G. 5. Flow chart of algorithm for probabilistic selection of reaction. Each reaction (reaction[i])
has a probability of occurrence, proportional to its current rate (RATE(reaction[i])}.

product molecules, guided by the information in the adjacent record (change
AtomicPositions) and the link to the product molecule(s).? After the destruction
of the reactant molecules and the creation of the product molecule(s), the tally
of isotopomers for the reactant and product peols is updated. The molecule(s)
of product are then *‘decomposed’” into atoms which are then saved (recycled)
for use in constructing reactant molecules in the future. In this manner, the
storage utilized by the computer program does not increase as the size of the
populations of molecules changes.

Next the duration of the time step is computed and the elapsed simulated
time is increased by the length of the time step. Since our interest does not lie
in the distribution of elapsed times, we choose not to simulate the duration of
each time step as a random variable. Instead, we let the value of the time step
equal the mean or expected value of the actual time step. As shown in the
Appendix, the expected value equals 1/xy,, where Ay equals the sum of the
rates of all simulated (concurrent) reactions. At regular intervals (in terms of
the number of occurrences of chemical reactions) the state of the simulation
is copied to a record of the historyList (illustrated in Fig. 6). Each history
record contains the contemporangous simulated elapsed time and the census
of isotopomers in each metabolic pool. These records can then be used to create
data files containing information on the changes over time of the concentration
of 1sotopomers in each metabolic pool.

3 The atoms of carbon may differ from one another in molecular weight. Our current implementa-
tion altows three different isotopes of carbon: the most abundant isotope (carbon-12); a nonradiocac-
tive, stable isotope (carbon-13); and a radioactive isotope {(carbon-14).
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FiG. 6. Description of the historyList data structure, a linked list of records containing informa-
tion saved at a particular point in the program. The *‘isotopomers’’ field contains pointers to the
census of positional isotopomers of each metabolic pool. The number of simuiated molecules of
two isotopomers of acetyl CoA and three isotopomers of malate are shown.

A direct simulation, in which each molecule possesses a distinct memory
location, is not economical of computer storage. Using a 1-1 mapping of mole-
cules to computer storage locations increases the storage requirements of our
program as the sizes of the metabolic pools increase. Furthermore, with large
simulated populations, the direct simulation technique requires more execution
time for management of dynamic data structures (20). We therefore prefer a
representation in which just the number of simulated molecules of each isoto-
pomer type (of each molecular pool) needs to be stored (Fig. 6). This allows
the population of simulated molecules to grow in size and change its composition
of isotopomers without either stowing down the simulation or increasing the
amount of storage utilized. It does not affect the outcome of the simulation.

This compressed mode of representing the isotopomer concentrations of
metabolic pools simplifies the taking of a ““snapshot™ of the simulation, i.e.,
recording the number of simulated molecules of each isotopomer type. In the
case of a direct simulation of each molecule, it would be necessary to examine
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each molecule to determine its isotopomer type in order to perform a census
of the molecular populations. Obviously, the time required to perform this
inventory of simulated molecules would increase linearly with the number of
simulated molecules. However, using our compact representation, the time
required is constant (and proportional to the number of possible isotopomers
(176 isotopomer for the citric acid cycle)).

The simulation is currently running on a SPARCstation IPX with 16 Mbytes
of random access memory (SUN Microsystems, Inc., El Segundo, CA). It
requires 1.5 hr of cpu time to simulate 40 min of elapsed time, with a scaling
factor of 4 x 10~* (moles of actual molecules per simulated molecule). As
expected, the execution time increases linearly with the scaling factor (14.5 hr
of cpu time when the scaling factor is 4 x 1079).

V. STATUS REPORT

Chance and co-workers (9} published the only other prediction of time-depen-
dent abundances of isotopomers of the citric acid ¢ycle. They performed NMR
measurements in perfused rat hearts subsequent to administration of glucose
and [2-*Clacetate and fit their observations to a mathematical model described
by differential equations. Their predictions of changes in isotopomers of gluta-
mate and in the enrichments of individual carbons of glutamate (Figs. 4 and 6
of Ref. 9) are virtually identical to our predictions (Figs. 7a and 7b), even though
their model of biochemical pathways and their computational methods are quite
different from ours.

In addition to comparing the predictions of changes in the concentrations of
isotopomers of intermediates of the citric acid cycle, we also compared the
relative areas of the peaks of predicted NMR spectra at isotopic steady state
with the findings of Malloy and co-workers (21). We were able to perform the
comparison because Malloy and co-workers estimated the ratio of flux within
the citric acid cycle to flux into pools of the citric acid cycle coming from
pools not included in the citric acid cycle (so-called anaplerotic reactions).
Furthermore, they estimated the labeling of the anaplerotic flux. Using the
simulation, we duplicated the conditions for three different experiments. As
we reported elsewhere (6), the agreement is excellent.

The isotope carbon-13 occurs naturally in approximately 1.1% of all carbons.
We optionally include the natural occurrence of this isotope in the initial popula-
tion of molecules as well as in the influx into any metabolic pool from pools
not included in the simulation. Furthermore, we have added other metabolic
pathways, including the pentose phosphate pathway, the glycolytic pathway,
and the gluconeogenic pathway. We believe that one useful outcome of the
syntactic simulation will be the prediction of isotopomers in more complex
metabolic pathways and combinations of pathways.

VI. LESSONS LEARNED

A stochastic simulation of a syntactic model of biochemical pathways pos-
sesses several advantages over conventional approaches to simulation, The
stochastic model of chemical kinetics eliminates the need to perform numerical
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FiG. 7. Simulation of the citric acid cycle in heart cells, subsequent to administration of {2-
BClacetate instead of unlabeled acetate at 0 min. The pool sizes are at steady state, although the
isotope distribution is not at steady state. {a) most abundant positional isotopomers of glutamate;
{b) enrichment of individual carbons of glutamate (calculated from (a)).

integration of differential equations in order to predict the future behavior of
the metabolic pools in a network of biochemical reactions. Although there is
no inaccuracy in the stochastic approach (13), there is loss of precision due
to the random fluctuations inherent in the chemical kinetics. We found that
performing three repetitions with approximately 100-10,000 simulated mole-
cules per pool reduced the standard error of the mean to less than 5%. Details
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of individual reactions can be easily handled in a straightforward manner,
because in principle, each atom of each molecule in the metabolic pools is
literally represented in the computer memeory. For example, metabolic channel-
ing® could easily be included, as well as isotope discrimination effects (23).

The advantages of a syntactic model are several. First, the generation of
positional isotopomers of metabolic species follows naturally and immediately
from the transfer of atoms of labeled reactant molecules to specific locations
in the product molecules. Second, in the context of a computer simulation
technique based on a Poisson process model of chemical kinetics (see above),
the use of a syntactic representation avoids the need for integration of numerous
differential equations (one per positional isotopomer). With this increased sim-
plicity of the simulation program, details of individual reactions (such as asym-
metries in reversible reactions or symmetries in molecular structure) can be
accommodated easily. Third, the representation of biochemical reactions using
the syntactic approach offers a tremendous advantage in software modularity
over the traditional approach, which uses differential equations. Each addition
of a chemical reaction to an existing syntactic simulation simply requires adding
a small number of syntactic rules. In comparison, addition of a reaction to a
system described by differential equations requires altering the equations for
all isctopomers of all reactants and products of the new chemical reaction.
Since the number of isotopomers of a single compound increases exponentially
with the number of carbons in that compound, the number of equations that
are affected can be considerable. Fourth, it is relatively easy to write an interface
to'the syntactic simulation that allows the user to describe the transfer of atoms
in the chemical reactions of interest. Each run of the simulation would include
the specification of the chemical reactions to be simulated. In this manner, a
flexible computer simulation may be made available to the biochemist who
does not possess expertise in computer programming.

VII. FUuTUuRE PLANS

Investigations of the uniqueness of the syntactic approach need to continue.
We intend to develop a stochastic optimization procedure that will estimate
parameters of models of biochemical kinetics from observations of NMR spectra
over time. This will enable us to apply our rule-based model to one of the
basic problems of metabolic research in vivo: the study of changes to rates of
metabolic flux in disease. We shall broaden our investigations to include
multiple metabolic pathways in carbohydrate, lipid, and protein metabolism.
The complexity of multiple pathways presents almost insarmountable obstacles
to traditional approaches of analysis of metabolic pathways, especially during
non-steady-state conditions. These theoretical investigations will have applica-

4 Metabolic channeling occurs when intermediates in a metabolic pathway are passed from one
enzyme to another, without equilibrating with the solvent (usually water). The effect of channeling
is that asymmetrical results are observed when symmetric molecules are involved (22).
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tion to disease states for which the exact abnormality in metabolism has yet
to be determined, such as non-insulin-dependent diabetes mellitus (24) and
cancer (25).

Analysis of NMR spectra has already led to the discovery of new metabolic
pathways (26). We will begin the analysis of the production of positional isoto-
pomers in metabolic pathways using symbolic {ogic and techniques from artifi-
cial intelligence (27). The syntactic rules describing metabolic pathways lend
themselves to the application of mathematical logic for the identification of
positional isotopomers whose appearance is impossible without postulating new
biochemical reactions. It may be possible for us to identify new biochemical
pathways from carefully devised experiments with specifically labeled sub-
strates and the logical analysis of isotopomers of known intermediates. In
addition, we envision an expert system which could answer questions regarding
the generation of positional isotopomers during administration of isotopically
labeled compounds. Such a system might be used in the design of experiments
utilizing NMR spectroscopy.

APPENDIX: PoissoN PrROCESSES AND CHEMIcAL KINETICS

Duration of the time step. We describe how to compute the duration of each
time step during the simulation of simultaneous chemical reactions. The three
axioms of a Poisson process (see above) can be used to derive the probability
that N, events occur within a time interval of length ¢ (/8):

P{N, = j} = (\)e ™/} (1]

This is the Poisson probability density function with parameter A¢, 1 > 0, where
A is the rate of the Poisson process. The expected number of events E[N)]
occurring during a time interval of length ¢ can be calculated from the following
equation (/9):

E[N]= At (2]

It can be demonstrated ({9) that the time T between successive events de-
scribed by a Poisson process (with parameter A) is a random variable having
an exponential probability density function Ae ™™, ¢ > 0 and hence mean value
1/x and variance 1/A’. Formally, one may write

P{T = x} = he™™, [3]

The choice of the length of the time interval is made by sampling from the
distribution of T, the time between successive events of a Poisson distribution.

Now consider N simultaneous chemical reactions, each an independent Pois-
son process P; with parameter A; and interarrival time 7;, 1 =i = N. Let X(¢)
equal the number of occurrences of reaction i, I = i = N, in a given time
interval [s, s + ¢], for any s > 0, ¢t > 0. Since the sum of a finite number of
independent Poisson random variables is a Poisson random variable (19), the
random variable Xy(#) = 2; X(t) has a Poisson distribution with mean Ay,
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where Ay = 3; A;. It can be shown that a single, composite Poisson process
Py with parameter Ay, satisfies the postulates of a Poisson process (/9). As
illustrated below, we can select time intervals short enough so that exactly one
event of Py, occurs during each interval,

We illustrate the similarity of N simultaneous Poisson processes to a single,
composite Poisson process with a small example. Consider three simultancous
Poisson processes A, B, and C, with A, = 10 min~', Az = 20 min~', and
Ac = 40 min~!. During any time interval of 1 min duration, the expected number
of occurrences of processes A, B, and C is 10, 20, and 40, respectively. Thus
the average number of occurrences of any of the three processes during the 1-
min interval equals 70. The composite Poisson process has a parameter hy of
A + Ag + Acor 70 min~!. The expected number of occurrences of the composite
Poisson process during an interval of 1 min is 70.

Now, suppose we partition a 1-min interval into 70 equal, nonoverlapping
subintervals and allow exactly one occurrence of either process A, B, or Cin
any subinterval. Then we should expect that, on the average, 10, 20, and 40
of the subintervals should represent the occurrence of processes A, B, and C,
respectively. Now, if we probabilistically assigned processes A, B, and C to
individual subintervais by letting the probability of these processes be 1/7, 2/7,
and 4/7, respectively, then we should expect the same distribution of processes
within subintervals. Indeed this elementary, nonrigorous demonstration can be
substantiated by mathematical analysis, based on the independence of nonover-
lapping time intervals and the memoryless property of Poisson processes.

Selection of the chemical reaction. In simulating chemical reactions, we need
to determine which of the N reactions occurs during a given time interval. For
cach interval, we need to select one of the N biochemical reactions (Poisson
processes P;, | = i = N) as the unique event that occurs during the given
interval. The probability of occurrence of process P; can be calculated by
defining the complementary Poisson process P, which includes all processes
in Py except process P;. Let X (¢) denote the number of occurrences of process
P, in the time interval [s, s + ¢], for any s > 0, ¢t > 0, where

X.(0) = 2, X{0). 4]

J#

Then P, and P; are two independent Poisson processes whose interarrival
times (7, and T;, respectively) are exponentially distributed with means 1/x,
and 1/x,;, respectively. Owing to the memoryless property of Poisson processes,
at any time ¢, T,, and T, are the expected times until the next occurrence of P_
and P;, respectively. The probability that P; occurs prior to P_ equals the
probability that process P, is the next process to occur among the N concurrent
processes and equals (/9)

hr/AM s

as shown by the following derivation:
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PIT,<T} = f: P{T.<T,|T, = x}P{T, = x} dx

- fo “ P{T, < xihe M dx

J: (1 — e M)A M dx

1= AJ(A + A
= AfAy.

Thus at each time interval, the rates of the biochemical reactions determine
the parameters of the corresponding Poisson processes, which are used to
assign a probability to each chemical reaction. We assign to each Poisson
process P; a probabitity equal to A,/Ay, and which is used to select probabilis-
tically the biochemical reaction for the current time interval. We have tacitly
assumed the stationarity of the Poisson processes, i.¢., that the Poisson parame-
ters A; did not change during each time step, because the occurrence of one
reaction within a single time step will not significantly change the pool sizes
(the number of simulated molecules per pool) or the rates of chemical reactions
during that time step.

Random number generator. The selection of pseudorandom numbers is an
important aspect of the simulation algorithm. We use a multiplicative linear
congruential generator, with the parameter values recommended by Park and
Miller (28-31). A single parameter value (seed) determines the sequence of
random numbers completely and is therefore varied with each simulation run,
The algorithm for computing a randem number (28) has two steps: (i) compute
a new value for the seed from its current value,

seed : = (seed * 16807) MODULOQ (2*' — 1),
and (2) compute the next random number from the new value of the sced,
randomNumber : = seed/(2}!' — 1).

The simulation program protects against integer overflow by avoiding the multi-
plication of 16807 and the seed (28). The computer program uses the constants
127773 (2*! — 1 DIV 16807) and 2836 (2*' — | MOD 16807) and integer arithmetic
to prevent overflow in computers with sufficient word size to represent integers
as large as 2°! — 1. The functions DIV and MOD are the integer functions
available in the Pascal programming language. The program fragment for com-
puting seed is the following:

il : = seed MOD i27773;

i2 1= seed DIV 127773;

seed : = 16807 %1l — 2836 =i2;

1F seed <= 0 THEN seed : = seed + 2% — 1;
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